Geometrical optics analysis of the structural imperfection of retroreflection corner cubes is described. In the analysis, a geometrical optics model of six-beam reflection patterns generated by an imperfect retroreflection corner cube is developed, and its structural error extraction is formulated as a nonlinear optimization problem. The nonlinear conjugate gradient method is employed for solving the nonlinear optimization problem, and its detailed implementation is described. The proposed method of analysis is a mathematical basis for the nondestructive optical inspection of imperfectly fabricated retroreflection corner cubes.
Introduction
Retroreflection is the well-known reflection phenomenon [1] that the optical rays radiated from an optical source are reflected back to the optical source along the inverse directions of the incident rays. For realizing retroreflection, specifically designed optical devices, retroreflectors, are used. Several types of retroreflectors and their optical properties have been investigated [1] [2] [3] [4] [5] [6] [7] . The most popular type of retroreflector is the corner cube, schematically depicted in Fig. 1(a) . The conventional corner cube is composed of four facets, including one incidence triangular facet, ▵P 1 P 2 P 3 , and three total internal reflection facets, ▵P 1 P 2 P 5 , ▵P 2 P 3 P 5 , and ▵P 3 P 1 P 5 . Point P 4 is the foot of the perpendicular of P 5 on the incidence facet. If the dihedral angles between three reflection facets are exactly 90°, the incident ray is reflected consecutively at three reflection facets and returns to the light source along the incidence direction as shown in Fig. 1(a) . Retroreflection by a corner-cube structure is used in many practical applications requiring accurate retroreflection, such as positioning and guidance systems [8] [9] [10] , wavefront correction [11] , optical communications [12] , and traffic control signs [13] [14] [15] . In particular, the retroreflectors are considered a key element of a new application, head-mounted projective display, wherein great technology advancements have been made in recent years [16] [17] [18] [19] [20] [21] [22] .
Although the structural condition of the perfect retroreflection corner cube is known [23] , imperfect fabrication of corner cubes is inevitable in practice. In this paper, the structural imperfection means that the apex point of the fabricated corner cube, P 0 5 , deviates from the apex point P 5 of the perfect corner cube. It is well known that when a corner-cube structure has a structural error, the imperfect retroreflection corner cube will generate six-beam reflection patterns as illustrated in Fig. 1(b) . As the structural error becomes bigger, the distances among the six reflection beams increase. Direct measurement of the structural imperfection is not easy and often requires destruction, since corner cubes are fabricated on a microscale and are formed as a sheet composed of a periodic array of identical corner cubes. However, the observable six-beam reflection pattern generated from the imperfect corner cube is optically measurable data that can be used for nondestructively analyzing the structural imperfection of the corner cube. Theoretically, two-beam and four-beam reflection patterns can occur with imperfect corner cubes as special cases of the six-beam reflection pattern. The detailed analysis of this reflection pattern classification is addressed in the main part of this paper.
Regarding the analysis of imperfect corner cubes, we can pose a forward analysis problem and an inverse analysis problem separately. The forward analysis problem concerns the optical reflection characteristics of a corner cube whose structure is known a priori. Optical properties such as effective retroreflection area [23] , reflection direction, and so on, are interesting aspects with respect to the forward analysis problem. The inverse analysis problem concerns the structural analysis of the corner cube itself, whose structure is not known a priori. There little literature on the inverse analysis of retroreflection corner cubes. In this paper, we deal with the inverse analysis problem, where from measurable data, such as optical reflection patterns and power, we analyze the structure of the examined corner cube, such as the position of the apex point P 0 5 . In this paper, we describe a mathematical method to inversely extract the position of the apex point, P 0 5 , of the examined imperfect retroreflection corner cubes by using the reflection pattern data. In the analysis, the mathematical relationship between the six-beam reflection pattern and the position of the apex point of the imperfect corner cube is formulated as six nonlinear algebraic equations. We set the structural error ðx;y;zÞ of the apex point as the unknown variables, and then the unknown variables ðx;y;zÞ appear in the nonlinear algebraic equations. As a result, the inverse structural analysis of the imperfect retroreflection corner cubes is equivalent to obtaining the solution ðx;y;zÞ from the nonlinear algebraic equation. In general, nonlinear algebraic equations have several solutions, and there is no general method to solve the equations. Thus, numerical optimization techniques are often employed to solve the nonlinear algebraic equations. In this paper, the nonlinear conjugate gradient method (NCGM) is employed for solving the inverse structural analysis problem, and its detailed implementation is described. Fortunately, it is advantageous that the inverse analysis problem of an imperfect corner cube has a single solution, and the convergence of the NCGM is confirmed. This paper is organized as follows. In Section 2, the geometrical optics model of single corner cube is developed. The mathematical relationship between the corner-cube structural error and the reflection pattern is derived with the geometrical optics model. In Section 3, the NCGM for the structural analysis of single corner cube is formulated, and numerical results are presented. In Section 4, concluding remarks are provided.
Geometrical Optics Model of a Single Corner Cube
In this section, the geometrical optics model of single corner cube is developed. Let a single corner cube with a triangle incidence facet be in the Cartesian coordinate system shown in Fig. 2 . The corner cube is composed of an incidence facet and three reflection facets drawn by the pairs of three vertices, ðP 1 ; P 2 ; P 3 Þ, ðP 5 ; P 1 ; P 2 Þ, ðP 5 ; P 2 ; P 3 Þ, and ðP 5 ; P 3 ; P 1 Þ, which are denoted T 0 , T 1 , T 2 , and T 3 , respectively. It is assumed that we can only observe the top view of the corner cube using a microscope. Thus, by measuring the lengths of observable edges, l 12 , l 13 , and l 23 , of the fabricated corner cube, we can obtain the coordinates of the vertices of the examined corner cubes, P 1 ðx 1 ; y 1 ; 0Þ, P 2 ðx 2 ; y 2 ; 0Þ, and P 3 ðx 3 ; y 3 ; 0Þ, which are given, respectively, by 
With only the top view of the corner cube, we cannot directly obtain the edges, l 14 , l 24 , and l 34 . These edge lengths are nonmeasurable data. Let the point ð x c ; y c ; − hÞ be the coordinate of the apex point of the perfect corner cube structure for a normal incidence light wave (see Appendix A and [23] ).
Let the structural error of the apex point of imperfect corner cube be denoted ðx;y;zÞ. Then the apex point P 5 of the imperfect structure is given by P 5 ðx c ; y c ; −hÞ ¼ ð x c þx; y c þy; −ð h þzÞÞ. According to the equation of a plane with the normal vector ða; b; cÞ, ax þ by þ cz þ d ¼ 0, the normal vectors of T 1 , T 2 , and T 3 , ða 1 ; b 1 ; c 1 Þ, ða 2 ; b 2 ; c 2 Þ, and ða 3 ; b 3 ; c 3 Þ are given, respectively, as
Let us define the reflection transform Γ i (i ¼ 1; 2; 3) representing the mathematical transform of an incident ray vector, ðk x ; k y ; k z Þ, to the reflection ray vector, ðk r;x ; k r;y ; k r;z Þ by the reflection facet T i , with the form (see Appendix B)
In addition, let us consider the process of refraction through the incidence facet T 0 . If an optical ray with the incidence angle of θ and the azimuth angle of ϕ is incident on the incidence facet of a corner cube, the direction vector ðk i;x ; k i;y ; k i;z Þ of the incident optical ray is represented by ðk i;x ; k i;y ; k i;z Þ ¼ ðcos ϕ sin θ; sin ϕ sin θ; − cos θÞ: ð4aÞ
The refracted ray vector ðk x ; k y ; k z Þ in a material with a refractive index of n, is given, from Snell's law, as
where θ 0 and ϕ 0 are the refraction incidence angle and the refraction azimuth angle, respectively. From Eqs. (4a) and (4b), we can define the nonlinear refraction transformation Γ 0 from ðk i;x ; k i;y ; k i;z Þ to ðk x; k y ; k z Þ and its inverse transform Γ −1 0 , respectively, as As is well known, an imperfect corner cube shows a six-beam reflection pattern [2] . If the apex point P 5 deviates from the perfect point, ð x c ; y c ; − hÞ, the reflection rays are split into six rays, but in the perfect corner cube the six-ray reflection transforms become the same form, and perfect retroreflection occurs. We can count the six possible paths of rays traveling inside the corner cube as (i)
The six ray traces are represented by the following six transforms:
ð6f Þ
In Fig. 3 , the retroreflection patterns of the corner cube analyzed with the described geometrical optics model is presented. In this simulation, a ray is normally incident on the incidence triangle facet of a single corner cube. With the apex point of the corner cube continuously varied along the spiral spatial traces, the reflection patterns with six reflected rays are continuously recorded on a hemispherical surface. In Figs. 3(a) and 3(c) , the blue outlined corner cube is the perfect corner cube structure with ðl 12 ; l 13 ; l 23 Þ ¼ ð240 μm; 240 μm; 240 μmÞ [see 
are colored red, blue, black, pink, green, and yellow, respectively.
From the theoretical point of view, one can see that combinations of angular errors lead to four possibilities: (i) one-beam reflection (perfect retroreflection), (ii) six-beam reflection (as shown in Fig. 3 ), (iii) twobeam reflection, and (iv) four-beam reflection. The first and second cases are illustrated in Fig. 3 . The third and fourth cases are analyzed further in Appendix C. Although retroreflection by an imperfect corner cube can be classified into the above four categories, the proposed mathematical method to inversely extract the positional error of the apex point of an imperfect retroreflection corner cube is equally applicable to all cases of two-, four-, and six-beam reflections, since two-beam and four-beam reflections are just special cases of six-beam reflection, as is proved in Appendix C.
The reflection transforms are the function of the unknown structural error, ðx;y;zÞ. Hence, the reflection transforms can be denoted Γ i ðx;y;zÞ (i ¼ 1; 2; 3). As is shown in Fig. 3 , for a specific structural error, a corresponding six-beam reflection pattern on the hemispherical surface is measured. Let us separately denote a specific structural error and the unknown structural error variables by ðxÃ;yÃ;zÃÞ and ðx;y;zÞ, respectively. Then, we can interpret six reflection transforms A i (i ¼ 1; 2; …; 6) from the reflection pattern, which take the form of combinatorial multiplication of three facet reflection transforms as The reflection transform data, A 1 , A 2 , A 3 , A 4 , A 5 , and A 6 , are optically measurable data for a specific imperfect corner cube with the structural error ðxÃ;yÃ;zÃÞ. By measuring the continuous trace of the reflection pattern with the incidence light directions varying, we can measure the reflection transforms A i (i ¼ 1; 2; …; 6). Once these data are obtained, we can further proceed to extract the structural error ðxÃ;yÃ;zÃÞ implicitly imbedded in the six reflection transform data from the measured data. The first reflection transform of Eq. (6a) is slightly modified, from Eq. (7a), as
For the direction vectors of several incidence rays, ðk Because the nonlinear refraction transform Γ 0 is explicitly known, we can obtain A 1 by using the linear least squares method [24, 25] . According to the linear least squares method, the solution of Eq. (8b), A 1 , is represented by
where R and C are defined, respectively, by 
By the optical measurement of the reflection patterns, we can know all six reflection transforms, A 1 , A 2 , A 3 , A 4 , A 5 , and A 6 , for a specific structural error ðxÃ;yÃ;zÃÞ with the structural error itself being unknown. However, it should be noted that, in the measurement, we have just six reflection transforms without identifying the correspondence of each of the six reflection transforms to its own ray path.
Structural Analysis of a Single Corner Cube by the Nonlinear Conjugate Gradient Method
The heart of this paper is the inverse analysis of extracting the structural error of the examined corner cube from the optically measurable data, A i (i ¼ 1; 2; …; 6). In this section, the numerical method of structural error extraction from the optically measurable data,
The first consideration in the inverse analysis problem is the number of combinatorial cases in the classification of the six measurable data. As stated in the previous section, we have six reflection transforms without identifying the correspondence of each of the six reflection transforms to its own ray path. Therefore, we have total possible combination number of 720 (¼ 6!) with respect to matching the measured data to the six ray traces of the examined imperfect corner cube. Hence, the inevitable step in the inverse structural analysis is that we have to find the best-matched one among all possible 720 combination cases.
Let us consider the set of six retroreflection paths parameterized by ðx;y;zÞ, given by
The error function parameterized by ðx;y;zÞ, Eðx;y;zÞ, that measures the amount of the error of the reflection characteristics of the corner cube from that of the inspected corner cube with the structural parameters ðxÃ;yÃ;zÃÞ is defined by Eðx;y;zÞ ¼ jA
where the absolute value symbol jAj 2 is defined as the sum of squared values of all elements of A as
and the index pair ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ indicates a possible index pair among total 720 combinations. Then we should separately inspect a total of 720 error functions and find the optimal variables ðx;y;zÞ minimizing the error function for each combination. In the analysis stage, for example, the cases ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð3; 5; 4; 6; 1; 2Þ are inspected with the same possibility of 1=720, because we do not have a priori information on the matching of the measurable data, A 1 , A 2 , A 3 , A 4 , A 5 , and A 6 to respective retroreflection paths. Hence, after obtaining the minimizing variables ðx;y;zÞ of all 720 cases, we should select the case showing the minimum-error function value among 720 cases, and we can identify the value ðx;y;zÞ at this case with the approximate solution to the true structural factor ðxÃ;yÃ;zÃÞ.
The structural error extraction is formulated as a nonlinear optimization problem for solving the minimal condition of Eq. (10a). In this paper, the NCGM is employed to solve the posed nonlinear optimization problem, and its detailed formulation is developed. In the standard NCGM, minimization of the objective function is performed by consecutive iterative procedures [24] . The core in the NCGM is the calculation of the gradient vector, ∇Eðx;y;zÞ, of the objective function Eðx;y;zÞ. The gradient vector takes the form ∇Eðx;y;zÞ ¼ ½∂xEðx;y;zÞ; ∂yEðx;y;zÞ; ∂zEðx;y;zÞ:
ð11Þ
Before expressing the explicit form of Eq. (11), let us obtain the total derivative of Eðx;y;zÞ. The total derivative, ΔEðx;y;zÞ, is represented by the form ΔEðx;y;zÞ ¼ ⟦ðA
where A⊙B is the entry-by-entry product of A and B. Here A and B are 3 × 3 matrices. Thus 
and ⟦A⟧ is the sum of all elements of A,
The elements of the gradient vector ∇Eðx;y;zÞ are obtained from the total derivative, Eq. (12a), respectively, as ∂̑xEðx;y;zÞ ¼ lim
Δx→0
ΔEðx;y;zÞ=Δx
∂yEðx;y;zÞ ¼ lim
Δy→0
ΔEðx;y;zÞ=Δy
∂zEðx;y;zÞ ¼ lim
Δz→0
ΔEðx;y;zÞ=Δz 
The step size τ m is determined in order to minimize the objective function Eðx m ;y m ;z m Þ with the aid of the bracketing algorithm and the golden section search algorithm [25] . In the analysis, the initial value of the structural error ðx 0 ;y 0 ;z 0 Þ is set to ð0; 0; 0Þ. From the structural point of view, the initial point of the NCGM is the perfect corner cube. Through the NCGM iteration procedure, the perfect corner cube at the initial stage evolves to the imperfect corner cube. We compare two examples of the structural analysis of the imperfect corner cubes with different structural errors. In Fig. 4(a) , the error function values at the 100th iteration stage, Eðx 100 ;y 100 ;z 100 Þ, for the unsorted combination indices are plotted. The combination indexes, 1; 2; 3; 4; …720 in Fig. 4(a) correspond to the consecutive permutation pairs ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 6; 5Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 5; 4; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 5; 6; 4Þ; …; ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð6; 5; 4; 3; 2; 1Þ, respectively. In Fig. 4(b) , the sorted error function values are plotted, where the 720 cases are sorted according to the increasing order of the value of Eðx 100 ;y 100 ;z 100 Þ. We can say that the minimum first case, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, in the sorted result of Fig. 4(b) is the solution of the optimization problem. In  Figs. 4(c)-4(e) , the convergence curves ofx m ,y m , andz m for the combination cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ that are indicated, respectively, by solid, dashed, and dotted curves are presented. The first case of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ shows the convergence of ðx 100 ;y 100 ;z 100 Þ to the structural error ðxÃ;yÃ;zÃÞ. The other two cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ show the convergence of ðx 100 ;y 100 ; z 100 Þ to the wrong values ð−12:98 μm; −11:3 μm; −10:6 μmÞ and ð−3:14 μm; −18:59 μm; −5:46 μmÞ, respectively. In Fig. 4(f) , the convergence curves of Eðx m ;y m ;z m Þ for the combination cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ that are also indicated, respectively, by solid, dashed, and dotted curves are presented. As shown in Fig. 4(f) , the value of Eðx m ;y m ;z m Þ of the combination case of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ goes to zero monotonically.
In Fig. 5 , the structural analysis result of the imperfect corner cube with the structural error ðxÃ;yÃ;zÃÞ ¼ ð2 μm; 1:5 μm; 1 μmÞ is presented. Figure 5(a) shows the error function values at the 100th iteration stage, Eðx 100 ;y 100 ;z 100 Þ for the unsorted combination indices. If the cases are sorted according to the increasing order of the value of Eðx 100 ;y 100 ;z 100 Þ, we can find the solution of the optimization problem in the minimum first case in the plot as shown in Fig. 5(b) , where the minimum first case is ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ. In Figs. 5(c)-5(e), the convergence curves ofx m ,y m , andz m for the combination cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ are indicated, respectively, by solid, dashed, and dotted curves. The first case of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ shows a good convergence of ðx 100 ;y 100 ;z 100 Þ to the structural error ðxÃ;yÃ;zÃÞ. The other two cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ show the convergence of ðx 100 ;y 100 ;z 100 Þ to the wrong values ð−2:27 μm; −1:4 μm; −1 μmÞ and ð−1:069 μm; −2 μm; −0:64 μmÞ, respectively. In Fig. 5(f) , the convergence curves of Eðx m ;y m ;z m Þ for the combination cases of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ are indicated, respectively, by solid, dashed, and dotted curves. As shown in Fig. 5(f) , the value of Eðx m ; y m ;z m Þ for the combination case of ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ goes to zero monotonically.
To summarize, we have successfully obtained the stably converged solution ðx 100 ;y 100 ;z 100 Þ ≃ ðxÃ; yÃ;zÃÞ, at the 100th iteration stage by comparing all 720 NCGM convergence curves and choosing the minimum-error case for imperfect corner cubes with relatively large and small structural errors. ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð2; 4; 5; 6; 3; 1Þ are indicated, respectively, by solid, dashed, and dotted curves.
Conclusion
In conclusion, we have developed a geometrical optics structural analysis method for imperfect retroreflection corner cubes with the nonlinear conjugate gradient method (NCGM). The proposed method of analysis is a mathematical basis for the nondestructive optical inspection of imperfectly fabricated retroreflection corner cubes, since only the optically measurable six-beam reflection patterns are used in the analysis. The NCGM is implemented with the analytic expression of the gradient vector of the error function for analyzing the structural error of imperfect corner cube. Using the proposed method, we can simply and accurately evaluate the structural reliability of retroreflection corner cubes.
Appendix A: Structure of a Perfect Corner Cube
The perfect corner-cube structure is placed in the local coordinate system [23] shown in Fig. 6. In Fig. 6 , the intercept points ðx 0 ; y 0 ; z 0 Þare given by 
and the cross point of the incidence facet and its normal vector from the origin, ðx m ; y m ; z m Þ, are given by
Then l 14 , l 24 , and l 34 are given, respectively, by
Then the coordinate ð x c ; y c ; − hÞ of the apex point of the perfect corner-cube structure is given by ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð1; 2; 3; 4; 5; 6Þ, ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð5; 4; 6; 2; 1; 3Þ, and ðn 1 ; n 2 ; n 3 ; n 4 ; n 5 ; n 6 Þ ¼ ð6; 4; 5; 2; 1; 3Þ are indicated, respectively, by solid, dashed, and dotted curves. h¼ 1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi The mirror reflection that occurs on a reflection surface of a corner cube is considered as a linear vector transform. As shown in Fig. 7 , an incident ray with the direction vector of ðk x ; k y ; k z Þ is reflected by the plane described by
The direction vector of the reflected ray is denoted by ðk r;x ; k r;y ; k r;z Þ. The relationship between the incident wave and the reflection wave is given by
Therefore, the canonical form of the normalized reflection transform is given by
Hence, Γ 1 , Γ 2 , and Γ 3 are given by Here, the classification of retroreflection by imperfect corner cube is elucidated with a mathematical analysis. Let the dihedral angles between T 1 and T 2 , between T 2 and T 3 , and between T 3 and T 1 be denoted θ 12 , θ 23 , and θ 31 , respectively.
From Eqs. (2a)-(2c) and the definition of the inner product, we can obtain the following relationships: 
We define the sets of the apex point ðx c ; y c ; −hÞ such that θ 12 ¼ 0, θ 23 ¼ 0, and θ 31 ¼ 0, denoted Π 12 , Π 23 , and Π 31 , respectively. With Eqs. (C1a)-(C1c), we obtain the mathematical expressions for Π 12 , Π 23 , and Π 31 , respectively, as
Based on the three sets defined above, we can classify the following eight possibilities: (i) cos θ 
The corner cube in this case is perfect, giving a perfect retroreflection, that is, the one-beam retroreflection.
For case (ii), cos θ 12 ≠ 0, cos θ 23 ¼ 0, and cos
This means that the imperfect corner cube in this case produces a two-beam retroreflection. The set of the apex point in this case, Π ð2Þ , can be represented by Π ð2Þ ¼ Π For case (iii), cos θ 12 ¼ 0, cos θ 23 ≠ 0, and cos θ 31 ¼ 0, since Γ 1 Γ 2 ¼ Γ 2 Γ 1 and Γ 3 Γ 1 ¼ Γ 1 Γ 3 , the six reflection transforms are divided into two groups, as
By a manner similar to that in case (ii), we can see that two-beam retroreflection occurs in the imperfect corner cubes of cases (iii) and (iv). The sets of the apex points of (iii) and (iv), Π Figs. 9(a) and 9(b) , the trace of the apex point P 5 in Π ð3Þ and the traces of two corresponding reflected rays on the hemi-spherical surface are presented, respectively. In Figs. 10(a) and 10(b), the trace of the apex point P 5 in Π ð4Þ and the traces of two distinguished reflected rays on the hemispherical surface are shown.
For case (v), cos θ 12 ¼ 0, cos θ 23 ≠ 0, and cos θ 31 ≠ 0, since Γ 1 Γ 2 ¼ Γ 2 Γ 1 , the six reflection transforms are divided into the four groups Figs. 11(a) and 11(b) , the trace of the apex point P 5 in Π ð5Þ and the traces of four distinguished reflected rays on the hemispherical surface are presented, respectively.
For case (vi), cos θ 12 ≠ 0, cos θ 23 ¼ 0, and cos θ 31 ≠ 0, since Γ 2 Γ 3 ¼ Γ 3 Γ 2 , the six reflection transforms are divided into four groups as
, and Γ 3 Γ 1 Γ 2 . And for case (vii), cos θ 12 ≠ 0, cos θ 23 ≠ 0, and cos θ 31 ¼ 0, since Γ 2 Γ 3 ¼ Γ 3 Γ 2 , the six reflection transforms are divided into four groups as
By in manner similar to that for case (v), we can see that four-beam retroreflection occurs in the imperfect corner cubes of cases (vi) and (vii). The sets of the apex points of (vi) and (vii), Π ð6Þ and Π ð7Þ , are represented by Π ð6Þ ¼ Π and the traces of four corresponding distinguished reflected rays on the hemispherical surface are shown, respectively. In Figs. 13(a) and 13(b) , the trace of the apex point P 5 in Π ð7Þ and the traces of four distinguished reflected rays on the hemispherical surface are presented, respectively.
Finally, for case (viii), cos θ 12 ≠ 0, cos θ 23 ≠ 0, and cos θ 31 ≠ 0, all six reflection transforms are different. Thus six-beam retroreflection occurs in the imperfect corner cubes of this case as presented in the main text (see Fig. 3 ).
Appendix D: Derivation of the Partial Derivatives, ∂̑x ðy ;zÞ Γ 1 , ∂̑x ðy ;zÞ Γ 2 , ∂̑x ðy ;zÞ Γ 3
The canonical form of the reflection transform takes the form 
The total derivative of Γ is given by 
whose elements are given, respectively, by 
